
51Statistical hydrodynamics (Onsager revisited)

;t~:Letus consider now a compactly supported measurable bounded function )..(x) satisfying

P'"X{x) dx = 1 and

fork=O,
for 0 < Ik! :::; m,

where k = (kl, ..., kd), Ik! = kl + ... + kd, and (x - y)k = (Xl - Yl)kl ... (Xd - Yd)kd.

"" Then we define a restriction operator rh: for f E L{oc (IRd), we denote 11 = ~ J A (~ -

j)/(x) dx, and define rhl = Lj 11 X (~ - j).
We have the well-known estimates (where c denotes different constants which do not

depend on h):
(1) If Ih E L2(IRd), we have IIrhlllL2 ~ cllfllL2.
(2) If Ih E L2(IRd), we have Phlh E Hm and IIphlhllHm ~ IfmlllhllL2, moreover

cllfh IIL2 ~ IIPhih IIL2 ~ 11th IIL2, where c > 0 does not depend on h.
It follows that Ph is an isomorphism from the space of the functions Ih which aresquare integrable onto a subspace Fh of Hm. .

(3) If 1 E Hm+l (IRd), for 0 ~ k ~ s ~ m + 1 and k ~ m, we have:

111- PhrhlllHk ~ chs-kll/llHI

The periodic case. Let us suppose that h = II N. We-denote H~r the Sobolev space Hm

on the d-dimensional torus (RIll)d, and Fh (Qd) the space of the restrictions to Qd of the

functions of the form Lj f1.B(~ - j) which are lld_periodic (i.e., f1 = f1+Ni, for all j, i

in lld). Fh(Qd) is endowed with the L2 scalar product.
Obviously, if f and fh are lld_periodic, so are rhf and Phfh. And the following esti-

mates hold:
(1') If f E LiJer' we have IIrhfIIL2(Qd) ~ cllfIlL2(Qd).
(2') If f is lld_periodic, we have IIPhfh IIH{?er ~ {m IIfh IIL2(Qd)' and

cllfhIlL2(Qd) ~ IIPhfhIlL2(Qd) ~ IIfhIlL2(Qd)

and k ~ m, we have(3') If E H~:l, forO ~k ~s ~ m +

111- PhrhlllHk :::; chs-kll/llHsper per
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